Introduction and main results
In this paper, we consider the following superlinear p-Laplacian equations with Dirichlet boundary value condition: It is easy to see that the (AR) implies (1.3) . This (AR) condition usually plays a very important role in verifying that the functional corresponding to problem has a MountainPass geometry and shows that a related (PS) c sequence is bounded (see [1, 2, 5, 12] ). But there are always many functions that do not satisfy (AR) condition. Many efforts have been made to overcome the difficulties brought by the absence of the (AR) (see [3, 6, 8-11, 14, 15, 18-20] ). To the authors' knowledge, the following Assumption 1.1 is widely used (see [8, [18] [19] [20] In this paper, we will get the existence of at least two nontrivial solutions of problem (1.1) where the nonlinearity f (x,t) satisfies neither the classic (AR) nor Assumption 1.1, instead, we suppose that an assumption weaker than Assumption 1.1 holds. 
Then problem (1.1) has at least two nontrivial solutions in which one is positive and the other is negative. 
We can see that we extend the results of [8, 18, 19] in superlinear case on two hands. On one hand, our condition (f2) is weaker than (f5), we do not need lim 1 and a(x) < λ 1 on some Ω ⊂ Ω with positive measure, so we extend the range of the nonlinearity largely. On the other hand, from Remark 1.5 we can see that our Assumption 1.2 is weaker than Assumption 1.1 and we believe that Assumption 1.2 can take the place of Assumption 1.1 in many discussions of superlinear p-Laplacian problem. So our results are even new when p = 2, we extend the results of [8, 18, 19] in superlinear case for general p > 1. [9] has got infinitely many solutions of problem (1.1) by the fountain theorem. But in their discussion, they supposed that f (x,t) is odd with respect to t. In our discussion, we do not suppose f (x,t) is odd any more. We will get the existence and multiplicity of solutions for problem (1.1) by a variant version of mountain pass theorem (introduced in [13] and used in [4] , see also Lemma 2.1). So our results are different from those in [9] . Remark 1.9. Schechter and Zou have got a nontrivial solution of problem (1.1) for p = 2 in [14] under the following superquadratic conditions (a 1 ) together with (a 2 ) or (a 2 ):
Remark 1.8. Liu and Li in
(a 1 ) either
(a 2 ) there are constants μ 1 > 2, r > 0, and C > 0 such that
A class of superlinear p-Laplacian equations
It is easy to see that the function f in Example 1.6 satisfies our Assumption 1.2 and (a 1 ), but not satisfies (a 2 ) nor (a 2 ). In fact, if G(x,t) > 0 for all t = 0, we can get Assumption 1.2 from (a 1 ) and (a 2 ). So our results are different from those of [14] .
Some important lemmas
To look for a nontrivial solution of (1.1), we need the following version of the mountain pass theorem.
Lemma 2.1 (Schechter [13] ). Let E be a real Banach space with its dual space E * and suppose that J ∈ C 1 (E,R) satisfies the condition
for some α < β, ρ > 0 and u 1 ∈ E with u 1 > ρ. Let c be characterized by
2) 
In the proof of the theorems we will use the following lemma to prove the geometric condition of the mountain pass theorem. 
Proof. Let us prove it by contradiction. Otherwise, there exists a sequence {u n }⊂W
Then by (f2) and the Poincare inequality, we have
Therefore, we obtain
Let n → ∞ in (2.8), one gets
By (2.10), the weakly lower semicontinuity of · p and the Poincare inequality we have 12) it follows that
From (2.13), we can see that v is in fact the eigenfunction corresponding to the first eigenvalue of the following problem:
Then from the results for p-Laplacian, we have v = 0, so (2.11) implies that a(x) = λ 1 a.e. on Ω, but this is impossible by (f2). Hence, Lemma 2.2 holds. To see that a nonnegative solution of problem (1.1) is in fact a positive solution in Ω, we need the following strong maximum principle for p-Laplacian. 
holds. Then if u does not vanish identically of Ω, it is positive everywhere in Ω.
6 A class of superlinear p-Laplacian equations
Proof of the theorems
Proof of Theorem 1.3. It is well known that to seek a nontrivial weak solution of problem (1.1) is equivalent to finding a nonzero critical point of the C 1 -function:
In the following proof, we will find the critical points of J(u) in three steps.
Step 1. There exist some ρ,β > 0, such that J(u) ≥ β for all u ∈ W 1,p 0 (Ω) with u = ρ. In fact, by Lemma 2.2, let ε > 0 be small enough such that α + ε/λ 1 < 1. Since f (x,t) is subcritical and (f2) holds, there exist δ 1 ,δ 2 > 0 and M > 0 for the above ε, such that
where q is the same as in (1.2). Set
for all (x,s) ∈ Ω × R. By the Poincare inequality and Sobolev inequality, one obtains
where C > 0 is a constant. Since 1 − α − ε/λ 1 > 0 and p < q, let ρ be small enough such that
so we have J| ∂Bρ ≥ β > 0.
Step 2. There exists e ∈ W 1,p 0 (Ω) with e > ρ such that J(e) < 0. Since lim t→+∞ ( f (x,t)/t p−1 ) = +∞ by (f2), then for any ε > 0, there exists M > 0 such that f (x,t)/t p−1 ≥ 1/ε for all t > M and
for all t ≥ 0 and x ∈ Ω, which implies that
for all x ∈ Ω, t ≥ 0, and 0 ≤ s ≤ 1. Integrating both sides of the inequality (3.7) on [0,1] with respect to s, we obtain
for all t ≥ 0. It follows from (3.8) that
Dividing by t p , one has Consequently,
Hence, let t 0 be big enough and e = t 0 ϕ 1 , then we have J(e) < 0. Define 
Step 3. Let us prove that the sequence {u n } is bounded. Otherwise, there is a subsequence of {u n } (still denoted by {u n }) satisfying u n → ∞ as n → ∞. Set w n = u n / u n , then w n is bounded. So we may assume that for some w ∈ W 1,p 0 (Ω) there is a subsequence of {w n } (still denoted by {w n }) such that 
